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Abstract
Path-integral expressions for one-particle propagators in scalar and fermionic eld the-
ories are derived, for arbitrary mass. This establishes a direct connection between eld
theory and specic classical point-particle models. The role of world-line reparametriza-
tion invariance of the classical action and the implementation of the corresponding
BRST-symmetry in the quantum theory are discussed. The presence of classical world-
line supersymmetry is shown to lead to an unwanted doubling of states for massive
spin-1/2 particles. The origin of this phenomenon is traced to a `hidden' topological
fermionic excitation. A dierent formulation of the pseudo-classical mechanics using a
bosonic representation of 
5
is shown to remove these extra states at the expense of
losing manifest supersymmetry.
1 Introduction
Because of their conceptual simplicity, path-integral methods [1, 2] often provide
convenient procedures to obtain insight in eld theoretical problems. In recent
work by Strassler, McKeon, Schmidt, Schubert and others [3]-[6] world-line path
integrals have been applied to a reformulation of standard Feynman perturbation
theory from which useful information on the structure of perturbative Green's
functions is extracted.
A basic question in this context is the representation of propagators in quan-
tum eld theory by path integrals for relativistic particles of various kind. In
particular one would like to know the classical actions to be used in these path-
integrals, as well as the precise meaning of the functional measure in some reg-
ularized form, e.g. by discretization. Answers to these questions establish rm
connections between the so-called rst- and second quantized formulations of
relativistic quantum theory.
This paper addresses both of these problems. It pursues them from two com-
plementary points of view. First of all, there is the pragmatic question of how
to convert a given eld-theory propagator to a path integral expression. Such
a procedure is discussed in this paper for both spin-0 and spin-1/2 particles.
Starting at the other end, one can also ask what kind of quantum eld theory is
associated with a given classical action. The kind of actions considered in this
context are usually taken to possess some desirable properties like reparametriza-
tion invariance and supersymmetry, which pose however additional diculties to
quantization procedures since gauge xing then becomes necessary. Using previ-
ously established BRST-procedures [7, 8] this is done in an extended state space
with a number of ghost- and auxiliary degrees of freedom. The propagators in
these extended state spaces are obtained, and it is then shown how to reduce
them to standard expressions in terms of physical variables only.
One result which deserves to be emphasized is that the irreducible path-
integral expression for the propagator of a massive Dirac fermion is not based
on a manifestly supersymmetric action, although world-line supersymmetry is
realized algebraically in the quantum theory by the Dirac operator. Indeed, it
is shown that the manifestly supersymmetric version of the theory contains a
`hidden' topological fermionic degree of freedom which doubles the number of
components of the physical states. This theory therefore describes a degenerate
doublet of fermions, rather than a single massive Dirac particle. A path-integral
expression for a single massive Dirac fermion is also obtained (sect.7). As in other




This paper is organized as follows. In sects.(2)-(6) the free eld theory of a
scalar spin-0 particle is considered. A simple and well-known path-integral ex-
pression is obtained, which is subsequently rederived from the reparametrization-
invariant classical model. These calculations also help to explain the general
1
procedures used.
In sect.(7) a path-integral for a spin-1/2 particle is derived. For massless
particles it agrees with results in the literature [9, 10]. For massive fermions a
new term is present in the action which has not been considered before, and which
is based on a bosonic representation of 
5
. The manifestly supersymmetric theory,
which uses a fermionic representation for 
5
, is analyzed in sects.(8)-(10), and is
shown to describe a doublet of spinors if the mass is non-zero. Our conclusions
are presented in sect.(11).
2 Free particle propagators
The Feynman propagator for a free scalar particle of mass m in D-dimensional









(x  y) = 
D
(x  y); (1)
such that positive frequencies propagate forward in time, and negative frequencies


















In the limit "! 0
+









the mass of the particle as m = E(0). The arbitrarily small imaginary part i"
implements the causality condition.
There is a straightforward connection between this propagator and the classi-
cal mechanics of a relativistic point-particle through the path-integral formalism
[1]. To establish this, let us rst consider the very general problem of nding the
inverse of a non-singular hermitean operator
^
H . Following Schwinger [11], we





























































(T ) = 0: (6)
If the operator
^
H acts on the single-particle state-space with a complete co-


























































Repeated use of eq.(8) now allows one to write
K
"


















jT ) ; (9)




= x. Keeping T xed, the limit N !1
becomes an integral over continuous (but generally non-dierentiable) paths in
co-ordinate space-time between points y and x. (Observe that K
"
(x   yjT )
depends only on the dierence (x  y) and converges to 
D
(x  y) for T ! 0.)
If the operator
^























































































Here H(p; x) is the c-number symbol of the ordered operator
^
H, and we have
tacitly assumed that the ordered symbol of the exponential can be replaced by
the exponential of the ordered symbol. This is certainly correct for the main
applications we consider in this paper, as may be checked by explicit calculations.
It is now clear, that one may interpret the symbol H(p; x) as the hamiltonian
of some classical system, and the argument of the exponential as the classical
3
action. Integration over the momentum variables p( ) then in general leads to
the lagrangian form of this action
K
"











where the precise meaning of the integration measure can be recovered either from
the phase-space expression (11), or from requiring the path-integral to satisfy
Huygens' composition principle (8).
Returning to eq.(1), it states that 
F
(x   y) is the inverse of the Klein-
Gordon operator (in the space of square-integrable functions). Rescaling it for
















In the co-ordinate representation the explicit expression for the matrix element
of this operator is
K
"




























(x  yjT ); (15)





























The same expression is also obtained directly by iteration of (14) using the prod-
uct formula (9). For massless particles yet another derivation, based on the
concepts of moduli space, has been discussed in [9, 10]. The result shows, that




















BecauseH(p; x) is quadratic in p

and independend of x

, the integration measure
in the path integral (16) is just the free gaussian measure of ref.[1].
The path-integral representation of the propagator establishes a simple con-
nection between scalar quantum eld theory and the classical point particle model
4
(17). As is well-known, this connection does not only hold at the level of the ac-
tion or hamiltonian, it also extends to the dynamics, in the sense that paths
in the neighborhood of the solutions of the classical equations of motion give
the dominant contribution to the path integral, certainly for the simple model
discussed where the path integral is a pure Gaussian.
3 Reparametrization invariance
The classical equations of motion which follow from the lagrangian (17) state
that the momentum is constant along the particle worldline:
_p

= mx = 0; (19)
Therefore this classical theory seems to contain less information than the quan-
tum theory from which we started: we have to recover the condition that the







This condition is equivalent to the vanishing of the hamiltonian (18). Since the
hamiltonian is the generator of translations in the worldline parameter  , the
mass-shell condition is recovered by requiring the dynamics of the particle to be
independent of the world-line parametrization.
As is well-known [13, 14], this can be achieved by introducing a gauge vari-
able e( ) for reparametrizations of the world line (the einbein). Under local
reparametrizations  ! 
0


























































+ 1 = 0: (23)





with the proper momentum, this reproduces both the world-line equation of mo-
tion and the mass-shell condition.


























Note, that one cannot impose the constraint that H vanishes before we compute
the brackets.
The diculty with this formulation is evidently the additional dynamical





; e], and which has no conjugate momentum. The origin of
these diculties is precisely the reparametrization invariance (21). As a result,
the hamiltonian evolution equation (25) does not hold for arbitrary functions on




; e). Clearly, to recover the results of sect.2 it
is necessary to x e( ) to a constant value and change  ! ~ , which amounts to
a rescaling of the unit of time on the worldline such that the particle's internal
clock and the laboratory clock tick at the equal rates when the particle is at rest.
Therefore one chooses a gauge
_e = 0; (26)
implying that e is constant, and adds this condition to the equations of motion.
But this can only be done after the variation of e in the action has produced
the mass-shell constraint (20). It is therefore of interest to have a formalism in
which one can impose the gauge condition (26) from the start, and still keep
track of all the constraints imposed by the reparametrization invariance (21).
An appropriate formalism to solve this problem is the BRST procedure (for an
introduction, see for example refs.[15, 16, 17]), which we describe here for the
case at hand [7].
4 BRST formulation
We impose the gauge condition (26) by adding it to the action with a Lagrange
multiplier ; at the same time we introduce a corresponding Faddeev-Popov
ghost action, using (real) anti-commuting ghost variables (b; c), in such a way










e = c _e+ _ce; 

c = c _c;






After a convenient rescaling ec! c, turning the ghost c into a world-line scalar
density such that 
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Actually, because a partial integration has been performed in the ghost term, the
action is invariant only modulo a total time derivative. This is sucient. Note,






has no local invariances left and can be treated by the usual









































































































Here all derivatives are taken from the left, and a
F
is the Grassmann parity of
F .
To recover the constraints imposed by local reparametrization invariance, one



















g = 0: (33)
This BRST charge is nilpotent in the sense that
f
;
g = 0: (34)
The BRST principle makes use of this property, and states that the physical
observables of the theory are the cohomology classes of the BRST operator on












We assign ghost number +1 to (c; 
b




[18, 19]. More precisely, physical quantities are BRST invariant:
fF;
g = 0; (35)
but this allows an ambiguity in F as a result of (34); this ambiguity is resolved
by associating obervables F with equivalence classes of functions diering only
by a BRST transformation:
F
0
 F , F
0
= F + f;
g ; (36)
with  a phase-space function of Grassmann parity opposite to F , and one unit




is in the equivalence class of zero and may be taken to vanish. In the case of the

















Hence the classical and ghost terms in the hamiltonian H
gf
vanish separately and





we also recover the vanishing of the momentum conjugate to the einbein e.
Before turning to the quantum theory, we draw attention to a peculiarity
of the action (28): it is invariant under SO(2) rotations in the ghost variables















































Note that both factors on the right-hand side are separately conserved, and vanish
on the physical hyperplane in phase space.
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5 BRST quantization
Having formulated a complete, BRST-invariant (pseudo-)classical mechanics for
the relativistic point particle, we now return to the quantum theory and study
the relation between this model and quantum eld theory. Various aspects of
this problem have been discussed in [20, 21, 7]. To obtain additional insight, we
construct a quantum theory corresponding to the classical hamiltonian (30) in
an extended state-space, compute the propagator and establish the relation with
the usual Feynman propagator (2), thereby showing the physical equivalence of
these dierent formulations of scalar eld theory.











) by operators, and postulating (anti-)commutation















































The bosonic momenta are self adjoint, and the fermionic ones anti self-adjoint












where wave functions like 	 are polynomials in the ghost variables, with co-
ecients depending on the remaining co-ordinates (x

; e):


























Clearly this form is not positive denite. However, with respect to this inner




































are self adjoint. The indenite metric implicit in this inner product is a general




It is also possible to dene a positive-denite inner product on the state space:
introduce a duality operation [22]
	 !
~

































With respect to this positive denite inner product the fermionic momenta and






























































 is the operator corresponding to the dual BRST charge we have encoun-















We also note in passing, that the BRST operator
^

 itself is obtained from the

































We can now show how the physical states of the scalar particle are reobtained in
the BRST formalism through the cohomology of
^

. One identies the physical
10
states with equivalence classes of states which are BRST invariant and dier only
















To obtain exaxctly one representative of each BRST invariance class, consider



































This operator is positive denite, and its zero-modes are zero-modes of the two





















Hence the wave functions 	
phys
indeed satisfy the Klein-Gordon equation and are
independend of the gauge variable e.
6 Gauge-xed propagator and path integral
The next step is to construct the propagator for the scalar particle as described by
the wave functions (46) in the BRST-extended state space, using the formalism
of sect.(2). Let us label the co-ordinates (x

; e; b; c) collectively by Z. Then

























































































This is the direct counterpart of eq.(14). It is straightforward to verify that the



































































) = (Z   Z
0
): (67)




jT ) in eq.(66) for the
generalized propagator gives a closed expression for the propagator in co-ordinate
space which is conveniently represented in terms of a momentum integral. Switch-
ing to the Fourier representation of the co-ordinate part and performing the in-
tegral over T yields

gf




















































From this expression it is straightforward to obtain the Feynman propagator by










































Alternatively, repeated use of the composition principle can be used to construct
a conguration space path integral representation of the propagator. Introducing
the Fourier representation for the delta function (e  e
0
) repeated use of eq.(64)
gives in explicit notation:

gf


























is the classical gauge-xed action (28) and the functional integral is








) and (x; e; b; c).
From the construction a consistent discrete regularization, specifying the measure
to be used, is obtained:
Z
 






















































































where again T = T=(N + 1), with T xed. Note that the measure contains a
factor
q
m=2ieT for each integral over a co-ordinate x

, and a factor
p
iT
for integration over a ghost b or c. Eqs.(70) and (71) give a precise meaning
to relation between the path-integral representation of the propagator in the
extended state space and the BRST-invariant gauge-xed classical action (28).
7 Fermions






(x  y) = 
D
(x  y); (72)
with the same causal boundary conditions as for the scalar particle. The Dirac
matrices 







g = 2 

: (73)




















It is possible to use the Schwinger procedure described in sect.2 to construct a
path-integral representation of this propagator as a Cliord-algebra valued ob-
ject. There is however another method that is often preferred in applications,
especially when interactions are introduced into the model. This method uses
13
anti-commuting variables to represent the Cliord algebra [23, 24, 25]; the ap-
plication to spinning particles has been studied for example in refs. [10, 13, 14],
[26]-[29]. The use of this method here allows a straightforward path-integral
representation of the Feynman propagator for fermions in terms of bosonic co-
ordinates x

and a matching set of fermionic (Grassmann-odd) co-ordinates  

.
However, as the details of the procedure depend on the number of dimensions,
we will from now on choose D = 4, and limit ourselves to that physically relevant
case. Modications to treat the same problem in another number of dimensions
are straightforward to make.
In order to achieve the transition to anti-commuting variables, we dene a














































In addition to the ^
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Note that in contrast to the other ^

, in this realization ^
5
is represented by a
Grassmann-even (bosonic) operator. Therefore we refer to this representation as
the bosonic form of the ^
5
. In later sections we will also encounter a representation
of ^
5
in terms of a Grassmann-odd operator, which is appropriately refered to as

















g = 0: (78)












), here dened as functions with























where all co-ecients are functions either of co-ordinates or momentum. One can



































has been introduced as argument
of the conjugate wave function, and the star denotes complex conjugation of
the c-number co-ecients of () plus reversal of the order of the 
k
. It is








This result implies that in contrast to the other ^
i





is not real w.r.t. h;	i. This is of course to be expected from
the lorentzian signature of space-time. On the other hand, hermiticity can be
restored by dening a (lorentz invariant) indenite-metric scalar product h;	i


























In general the co-ecients of  are independent complex numbers, in which case
they represent the components of a Dirac spinor 

. Irreducible Weyl spinors














it follows that the Grassmann-even components dene a Weyl spinor of positive
chirality, whilst the Grassmann-odd components dene a Weyl spinor of negative
chirality. In the representation chosen here the chirality can therefore be identied
with the Grassmann parity of the spinor .



































. In the following we consider Dirac spinors unless explicitly stated otherwise.















then the components of 
0









































Since the matrix 
5
is unitary, the equation 
0
= 0 is completely equivalent with





be identied with the inverse of the Dirac operator ( i^ @+m^
5
) in co-ordinate












The next step is to write the inverse of the Dirac operator in the Grassmann
co-ordinate representation. This is achieved by introducing the ordered symbol
for the operator [23, 24, 25]. A quick way to derive the necessary results is the
































































Here we have introduced the Fourier representation of the anti-commuting -
function in terms of a conjugate Grassmann variable













































In the following it is useful to have an expression for the symbol of a product of




































It is straightforward to generalize this to a product of an arbitrary number of




















Returning to the case of a spinning particle in 4-dimensional space-time we













), rescaled by factors 1=
p


































































































introduced here is Grassmann-even (bosonized).





















) = 0: (99)
As in our representation the chirality equals the Grassmann parity, it follows
that terms with dierent Grassmann parity in the wave function are mixed by a
non-zero mass.
17
To obtain the propagator in momentum space we have to invert
3
the Grass-
mann integral operator in (99). As a rst step, we observe that the product rule











































The inverse of the Dirac operator in momentum space can then be written in an















































where T is the usual Schwinger proper-time parameter, and  is a Grassmann-odd









































) = 1: (102)
In order to get the expression in the co-ordinate representation, we have to com-
pute the Fourier transform. We also redene the Grassmann variable, making it






















































Then the following results hold:






















(ii) Huygens' composition principle holds in the form
3








































































Apart from giving the explicit expression (101) for the Dirac-Feynman propa-
gator, eq.(104) can be used to construct a path-integral representation of the









































































































































































In agreement with our earlier denitions, the symbols  

k






































































In the continuum limit (N ! 1; T xed) the free fermion propagator can now





























































+ im _x   (;
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( )) by the vector-like variables  

( ) dened in eq.(97):
S
ferm




















This expression resembles closely the one usually encountered in the literature
[13, 14], [26]-[29], which is based on the realization of a (gauge-xed) local world
line supersymmetry. However, in contrast to the standard approach the present
construction uses a Grassmann-even  
5
, and as a result inclusion of the mass-term
violates explicit supersymmetry at the classical level, even though it is realized on
the operator level in the quantum theory, as shown by eq.(100). In fact, for non-
vanishing m the pseudo-classical action S
ferm
does not even have a well-dened
Grassmann parity; eq.(84) and the discussion following it makes clear that this
is a direct consequence of the non-conservation of chirality for massive fermions.
It is shown below, that the discrepancy between the result (112) and the
manifestly supersymmetric spinning particle model has its origin in a doubling of
the number of degrees of freedom in the supersymmetric case, which is regularly
overlooked. More precisely, if one preserves supersymmetry of the classical action
by taking  
5
to be Grassmann-odd, and if the classical algebra of Poisson-Dirac
brackets is mapped in a straightforward way to the quantum (anti-)commutation





















is to be used, anti-




. Then the equivalent matrix representation of this
4
There is a subtlety concerning the Lorentz-invariance of the continuum limit, as it seems
to require that the main contribution to the continuum path integral comes from paths which








) with p > 0; from
the calculation of explicit examples directly in the continuum limit this seems to be correct.
Some arguments for a consistent continuum path-integral for simple spin systems, related to
the Duistermaat-Heckman theorem, have been advanced in [31].
20
operator is a 
5
taken from the Dirac algebra in six dimensions. This implies a
doubling of the number of degrees of freedom of an irreducible spinor.
On the other hand, for free massless particles manifest supersymmetry is not
violated even in the present theory; this is because chirality is conserved, and so
only terms of even Grassmann parity occur in the action. One therefore sees that
the apparent violation of manifest world line supersymmetry is a result of mass
generation, and has the same dynamical origin.
8 Worldline supersymmetry
In this section we turn to the point-particle model with full classical super-
reparametrization invariance on the world line, to compare it with our treatment
of Dirac fermions in sect.(7). To realize complete o-shell supersymmetry
5
it is
necessary to introduce three dierent types of super-multiplets (superelds):
1. The gauge multiplet (e; ) consisting of the einbein e and its superpartner
, also refered to as gravitino; under local worldline supersymmetry with
parameter " the multiplet transforms as








) describing the position and spin co-ordinates of


























3. One or more fermionic multiplets (; f) with Grassmann-odd  and even f ;
it is used in the following as an auxiliary multiplet and its transformation
properties under local supersymmetry are







The term o shell implies that the supersymmetry algebra is realized without using dy-
namical constraints like the equations of motion.
21







It may be checked that in all cases the commutator of two supersymmetry trans-





































Obviously, the bosonic variable f appearing quadratically without derivatives
does not represent a dynamical degree of freedom and may be eliminated using
its algebraic equation of motion f = 1 (which is equivalent to completing the
















 ++i _ +
2i
e
  _x+ 2i   e

: (120)
In addition local super-reparametrization invariance may be used to x the gauge
multiplet (e; ) to constant values. In particular, if the proper time  is rescaled
by e, so as to be measured in the same units as the laboratory time (eectively
setting e = 1), and the constant value of  is rescaled by the same amount, then





by _ ! 0,  !  
5
. However, this last relation is frustrated by the
mismatch in the Grassmann parity of the two quantities; moreover, contrary to
f the variable  is a dynamical degree of freedom, associated with an additional
two-valued parameter labeling the wave-functions of the particle. As it couples
to the gravitino, and therefore appears in the rst-class constraints of the theory,
its dynamics cannot be taken into account by simply equating it to a constant in























by their algebraic Euler-Lagrange equation f
k
= 0, there re-
main only free fermionic degrees of freedom 
k
which decouple from the dynamics
because they do not interact with the other physical or the gauge degrees of free-
dom. In fact these additional fermions dene a d = 1 topological eld theory, in
22
the sense that their action is reparametrization invariant without involving the
metric (represented by the einbein e). It is also easy to see, that they do not
contribute to the hamiltonian of the theory.
To construct the canonical quantum theory corresponding to the supersymmetric
action S
susy
, we employ the BRST procedure used before. Besides the reparametriza-
tion ghosts (b; c) and the lagrange multiplier  we introduce commuting super-
symmetry ghosts (; ) and an anti-commuting multiplier s. The nilpotent BRST
variations of the full set of variables read:











+ i _: (122)
























3. For the fermionic multiplet:

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4. For the ghost variables:

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In the classical theory dened by S
susy
we wish to impose the gauge conditions
_e = 0; _ = 0: (126)
Two write down a relatively simple BRST-invariant gauge-xed action, it is con-
venient to make the redenitions:
23
ec ! c;   ic ! : (127)
Then the BRST variations are covariantized and simplied; for example















































































where we take S
susy
as in eq.(120), in which f = 1 has been inserted. This is
consistent with the BRST variations (128) and their nilpotency, provided the
equation of motion _ =  is used.



















































). These are resolved in the standard way by Dirac's
























plus the following Dirac-Poisson bracket for functions (F;G) on the unconstrained






























































































































































































In the BRST cohomology the hamiltonian is therefore equivalent to zero and the
physical particle motions are on the mass-shell.
9 Quantum supersymmetry
The BRST-invariant classical action for the supersymmetric theory can now be
taken as the starting point for the construction of a canonical quantum theory
for a free point particle. Later this quantum theory is then used to construct
a propagator, and it is shown that it can be expressed in path-integral form
using precisely the classical action S
gf
. Thus the correspondence between the
25
classical and quantum theory is established in both directions. From the canonical
formulation it will then be entirely clear, that for m 6= 0 this theory describes
a degenerate pair of Dirac fermions, and that this is completely independend of
the BRST quantization procedure; the origin of the doubling of the degrees of
freedom can in fact be traced to the fermionic dynamical variable .
The rst step in dening the quantum theory is to postulate a set of (anti)
commutation relations in correspondence with the classical Dirac-Poisson brack-



















































) has been introduced for the
operator corresponding to , to emphasize the Cliord algebra structure of the
fermion anti-commutators, but also to avoid thinking of this operator as the




as in the case of the Dirac fermion in sect.(7). The
above commutation relations can be satised by choosing the following linear




























are hermitean only w.r.t. to the physical indenite-
metric inner-product involving Pauli-conjugate spinors.
Furthermore we introduce Grassmann variables 
3
and , as well as ordinary







































result, having at our disposition the variable 
3























. This operator does not appear in the










































































































The short-hand notation in the second line of these equations has been introduced


















(essentially the Dirac operator) is not hermitean w.r.t. the positive-denite
inner-product 	
y
	 (only w.r.t. the Lorentz-invariant indenite inner product











































The resolution of these diculties lies of course in the full quantum-eld theoret-
ical treatment; it is of interest to see how the BRST procedure is implemented in
this context, and as a rst step we construct in this paper the free propagator,
in sect.(10).
At this point it is however sucient to note, that the BRST-cohomology can
still be used to characterize the physical states, in the following way: since the
hamiltonian H
gf




































for arbitrary values of e and , as suggested by super-reparametrization invari-











One may think of these conditions as dening the ghost vacuum. It now follows






Combined with the BRST invariance of the physical states expressed by (147),













The wave functions 	
phys






























) is a 4-component spinor of the type (79).
Therefore the physical states have eight spinor components rather than four.
Working out the action of the Dirac operator on these wave functions, eq.(151), it





























	 = 0; (153)
where the  
M
are an 8-dimensional representation of the Dirac matrices in 6-
dimensional space-time. Thus the supersymmetric spinning particle can be thought
of as a reduction of a 6-dimensional massless spinor to 4 space-time dimensions,
by compactication on a circle in the 6th dimension (p
6








In the co-ordinate representation, the quantum states of the supersymmetric par-
ticle in the full extended state space (including the ghost degrees of freedom) are




; e; ; c; b; ; ),
with  = 0; :::; 3 and k = 1; 2; 3. To obtain the second quantized propagator for






It is actually convenient to do this in two steps: rst we construct the expres-
sion for the matrix elements of
^





restricted to the space of gauge-





) unspecied; only then we specify the precise model for the physical de-
grees of freedom. The advantage of this procedure is, that the results are easily
applied to other models, for example particles interacting with background elds.













































not depending on the gauge- and ghost









































































































We observe that the gauge (e; ) = const: is manifestly realized in the expression
(156). Let us now rst derive an operator expression for the propagator in the













































































































Note that the factors of T in front of these ghost determinants cancel in the
expression for
^
K(T ), as expected from supersymmetry. It is now straightforward








































































The matrix elements of the inverse operator inside the square brackets now have
to be computed. Again, we rst consider the evolution operator. For the free




































































where we have returned to the original notation for the additional fermionic
degree of freedom. Similarly, for later convenience, we also introduce the symbol






















Carrying out the integration over momentum p
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Note that after rescaling T and  by a factor e (or equivalently, taking e = 1), the
expression in brackets involving the physical degrees of freedom is almost iden-
tical with the expression (103) for the kernel K

(T ) of the single Dirac fermion,




















) in the full ghost-extended state

















































































in the r.h.s. of eq.(162), and interpreting ( 

; ) as the above symbols.
The construction of the path-integral formula for the propagator now repeats
the steps for the Dirac fermion, with the dierence that instead of the symbol







), there are now three such pairs. Then of course there is also the dierence
that we have included here additional ghost degrees of freedom. However, these




















































































) and as before T = T=(N + 1).
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Representing once more the delta-functions by their Fourier decomposition,



























































































































































Here the  
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k















































, by making use
of the fact that e
k
is constant: in the integral its value remains the same from
time step to time step.






) in eq.(168) can in the
continuum limit be rewritten in terms of the  
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As a result we can now construct the propagator of the theory in the full ghost-



















where integration over the lagrange multipliers (( ); s( )) is to be included in
the measure DZ( ), and modulo fermionic boundary terms the action S
gf
is
that of eq.(129) with the addition of a single topological fermion of the kind
(121). As has been discussed before, at the classical level this additional fermion
is completely harmless, whilst in the quantum theory it signies the doubling
of the number of components of the spinor wave-functions, or equivalently the
doubling of the number of degrees of freedom in the propagator.
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11 Conclusions
In this paper we have studied the propagators of free spin-0 and spin-1/2 parti-
cles and connected them to classical relativistic particle-mechanics through the
path-integral formalism. It has been established that starting from the known
eld-theorietical expressions is advantageous, as it can specify the representation
of certain operators to be used, something which is usually not possible from the
canonical `Poisson-bracket to commutator' quantization prescription. In the case
of Dirac fermions, this has been used to argue in favour of the bosonic represen-




, implying that non-manifestly supersymmetric models
are prefered to avoid doubling of the spectrum of states.
Our results can be generalized to the case of particles moving in certain back-
ground elds: scalar, vector (e.g., electro-magnetic) or gravitational elds can be
included in the path-integral expressions for the propagators. The constructions
we have presented have been designed in such a way that only minimal additional
work is needed to cover these more general cases. An example we would like to
mention is the inclusion of scalar elds, which by Yukawa couplings may give rise
to mass generation through the mechanism of spontaneous symmetry breaking.
The contribution of the scalar interactions to the classical action (119) is obtained
by replacing the terms for the fermionic multiplet (; f), which for free particles
read i _ + 2i + ef
2
  2ef , by
L
sc
= i _ + ef
2




'(x) + 2ig'(x): (173)
Here '(x) is the scalar eld, and g is the Yukawa coupling constant. Eliminating
the auxiliary variable f by splitting o a square, this becomes
L
sc








' + 2ig': (174)
This result, here obtained through multilplet calculus, agrees with the result
derived by dimensional reduction in [32]. Taking '(x) = const: 6= 0 returns
us to the original action for a free massive particle, and shows how masses are
generated by spontaneous symmetry breaking. It is quite straightforward to
apply these results to the other actions for scalar and Dirac particles, by either
removing all fermionic degrees of freedom, or by keeping them whilst replacing
the fermionic  by the bosonized  
5
.
Interactions with the electro-magnetic or other vector elds can be introduced,
e.g. through minimal coupling, whilst gravitational interactions result from co-
variantizing the expressions with respect to general co-ordinate transformations.
A more general discussion of the inclusion of background elds will be presented
in a separate paper.
The research described in this paper is supported in part by the Human Capi-
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